We study the positive longitudinal magnetoconductivity (LMC) and planar Hall effect in Weyl semimetals, following a recent-developed theory by integrating the Landau quantization with Boltzmann equation. It is found that, in the weak magnetic field regime, the LMC and planar Hall conductivity (PHC) obey cos 6 θ and cos 5 θ sin θ dependence on the angle θ between the magnetic and electric fields. For higher magnetic fields, the LMC and PHC cross over to cos 2 θ and cos θ sin θ dependence, respectively. Interestingly, the PHC could exhibit quantum oscillations with varying θ, due to the periodic-in-1/B oscillations of the chiral chemical potential. When the magnetic and electric fields are noncollinear, the LMC and PHC will deviate from the classical B-quadratic dependence, even in the weak magnetic field regime.
I. INTRODUCTION
Since the prediction of Weyl quasiparticles in pyrochlore iridates 1,2 , the study of properties of Weyl semimetals (WSMs) in the field of condensed-matter physics, ranging from the unique electronic structures to fascinating topological transports, has attracted much attention on both theoretical and experimental sides [3] [4] [5] [6] [7] [8] . WSMs are gapless in the bulk, yet possess topologically protected boundary states on the surfaces nonorthogonal to the momentum difference between paired Weyl nodes, which exhibit different topological properties from threedimensional topological insulators 9 . Weyl nodes, always coming in pairs in the momentum space, are double degenerate band touching points of the relativistic lineardispersion excitations 1, 10, 11 . A pair of Weyl nodes, with chirality quantum number protected by the quantized Berry (or Chern) flux, play the parts of the source and sink of Berry curvature in the momentum space 12, 13 . The projections of a pair of bulk Weyl nodes on the surface Brillouin zone are connected by an open Fermi arc of the surface states 1, [14] [15] [16] [17] [18] [19] .
A Dirac point can split into a pair of Weyl nodes, in the presence of perturbations breaking either the time-reversal or spatial-inversion symmetry. The separation of the Weyl nodes can induce peculiar topological properties, which endow WSMs with multiple interesting physics, such as the positive longitudinal magnetoconductivity (LMC) [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] and giant planar Hall effect 32, 33 . These fascinating magnetotransport phenomena of WSMs are related to the chiral anomaly 13 , which refers to the violation of the separate number conservation laws of Weyl fermions of different chiralities. Nonorthogonal electric and magnetic fields can pump Weyl fermions between Weyl nodes of opposite chiralities, and create a population imbalance between them. The relaxation of the chirality population imbalance contributes an extra electric current to the system, and therefore results in a positive LMC (or negative magnetoresistance) and giant planar Hall conductivity (PHC). The anomalous LMC and PHC, as exotic macroscopic quantum phenomena, have been enjoying a surge of experimental [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] and theoretical 7,34-38 research interest.
While the positive LMC, as a manifested effect of the chiral anomaly in WSMs, has been observed experimentally, its measured dependence on the angle θ between the electric and magnetic fields turns to be not quite in line with the theoretical predictions 22 . Primitively, the theory based on the classical Boltzmann theory predicted a cos 2 θ dependence, due to the B-quadratic dependence of the chiral anomaly contribution to the conductivity 33, [36] [37] [38] [39] , where B is magnitude of the magnetic field. The experimentally-observed angular dependence 22, 28 , however, appears to be much stronger than the theoretically-predicted cos 2 θ. Burkov connected the angular narrowing phenomenon with the PHC, and argued that the presence of both the LMC with a characteristic angular dependence and giant PHC could be served as a smoking gun signature of the chiral anomaly 32 . On the other hand, as discussed in Ref. 40 , with increasing the magnetic field, the B-quadratic-dependent positive LMC will cross over to be B-linearly scaled, which implies that the cos 2 θ dependence will be modified for stronger magnetic fields. Meanwhile, the chiral chemical potential exhibits a periodic-in-1/B quantum oscillation behavior 40 , and therefore the angular dependence of the positive LMC would be very complicated, and their description may be beyond the usual classical theory. It is of importance to understand theoretically how the quantum oscillations of the chiral chemical potential influence the PHC, since it is helpful for us to understand the angular dependence of the magnetoconductivity, and it could also provide new perspectives to experimentally identify WSMs.
In this paper, we follow the theory developed in Ref. 40 and investigate the effect of quantum oscillations of the chiral anomaly on the PHC and angular dependence of the positive LMC. We find that the LMC ∆σ zz (B) and PHC ∆σ xz (B), in the weak magnetic field regime, are scaled with B 2 cos 6 θ and B 2 cos 5 θ sin θ, respectively, yielding stronger angular dependence than that obtained by Nandy et al. 33 . For higher magnetic fields, i.e., B ≫ E/υ F , the angular dependence of the LMC and PHC recover those given by Nandy et al, with ∆σ zz (B) ∝ B 2 cos 2 θ and ∆σ xz (B) ∝ B 2 cos θ sin θ. If the Fermi level is slightly way from the Weyl nodes, a step change occurs in the LMC and PHC, as θ reaches a critical value. For higher Fermi energy, the PHC could oscillate with θ, due to the periodic-in-1/B oscillations in the chiral chemical potential. When the magnetic and electric fields are noncollinear, the LMC and PHC will deviate from the classical B-quadratic dependence even in the weak magnetic field regime.
The rest of this paper is organized as follows. In Sec. II, we introduce the model Hamiltonian and solve the spectrum for a WSM in the presence of crossed magnetic and electric fields. The properties of the DOSs and anomalous magnetotransport are analyzed in details in Sec. III and Sec. IV, respectively. The last section contains a summary.
II. HAMILTONIAN AND SPECTRUM
Let us consider a WSM subjected to crossed electric and magnetic fields, which can be described by a lowenergy effective Hamiltonian H= χ d 3 xΨ † χ h χ (x)Ψ χ . The fermion field here is a two-component spinor Ψ χ = exp(iχk c · x)ψ χ , which consists of a slowly varying part ψ χ = (c χ↑ , c χ↓ ) and a rapidly oscillating plane wave with χk c for the momentum locations of the Weyl nodes and χ = ± for chiralities, respectively. The Hamiltonian density for each Weyl node is given by
where υ F denotes the Fermi velocity, σ χ = χ(σ x , σ y , σ z ) with σ i=x,y,z as the Pauli matrices for electron spin, and Π = −i∇ + eA/ stands for the gauge covariant wavevector operator modulated by an electromagnetic gauge potential A = (φ, A). The electric and magnetic fields are connected to A by the general relations E = −∇φ and B = ∇ × A. Specifically, we fix the electric field to the z-direction and confine the magnetic field in the x-z plane, i.e., E = Eê z and B = B(sin θ, 0, cos θ), as illustrated in Fig. 1 , where θ is the included angle between the electric and magnetic fields. We choose the FIG. 1: Schematic illustration of a WSM subjected to crossed electric and magnetic fields, in which the electric field is fixed to the z-direction and the magnetic field is confined in the x-z plane, with θ as the included angle between the electric and magnetic fields.
Landau gauge A = B(x cos θ − z sin θ)ê y and φ = −Ez. According to the Landau gauge, we rotate the coordinate system, for convenience, about the y axis, i.e., y ′ = y and
Correspondingly, we also perform a unitary transform on the spinor ψ χ = e −i θ 2 σy ψ χ . Then the Hamiltonian, in the rotated coordinate system, can be rewritten as
with the Hamiltonian density given by
In fact, after the coordinate system rotation, the z ′ -axis is parallel to the magnetic field. Therefore, the vector potential reduces to A ′ = Bx ′ê y ′ and the scalar potential becomes φ(
, where E = E cos θ and E ⊥ = E sin θ.
To solve the energy spectrum, let us start from the Dirac equation,
The eigenvalue problem of the crossed electric and magnetic fields in graphene has been solved analytically by Lukose et al. 41 , Peres et al. 42 and Krstajić et al. 43 . The key step is to find an appropriate Lorentz boost on the time-space coordinate system and a unitary transform on the wavefunction. To implement this procedure, we multiply the both sides of Eq. (4) by σ z , and then arrive at the covariant time-dependent Dirac equation
1,2 = −iχσ y,x and γ 3 = χσ 0 . In order to avoid difficulty in imposing periodic boundary condition along the z ′ direction 44 , we denote the parallel (along the magnetic field) component of the electric field by a timedependent vector potential
Therefore, the Dirac equation is translational invariant along the y ′ and z ′ directions. The wavefunction thus can take the form
with k = (0, k y , k z ) measured from the corresponding Weyl node and
The parallel electric field enters to k z merely as a parameter by the substitution k z → k z + eE t/ . To eliminate the vertical (perpendicular to the magnetic field) component of the electric field in Eq. (5), we apply a Lorentz boost in the direction parallel to the vector potential
with ϑ = tanh
, and then perform a unitary transform on the wavefunction ϕ
. After that we can rewrite Eq. (5) to be
where
and l B = /eB the magnetic length. The ladder operators are defined as a †
In the boosted frame, we can derive the time component of the four-momentum as ε χ n = υ F Ω χ n,kz , where
with s n ≡ sgn(n) = {1, 0, −1} for n{>, =, <}0. Subsequently, by the inverse Lorentz boost transformation, we can obtain for the spectrum in the laboratory coordinate system
The eigenstates corresponding to the spectrum are given by
where φ n (ξ) are the Landau-gauge orbital wavefunctions,
When the electric and magnetic fields are collinear, i.e., θ = 0, the Landau levels (LLs) are degenerate, with degeneracy equal to 1/2πl electric and magnetic fields are noncollinear, as shown by Eq. (10), the degeneracy of the LLs will be lifted and simultaneously, the cyclotron centers given by
are also renormalized. The spectrums projected to the k y = 0 plane are plotted in Figs. 2 (a)-(b), from which we can see that the LLs will expand to a sequence of Landau bands (LBs) for θ = 0. The group velocity for the Weyl fermions equals to the slopes of the spectrum υ χ n,α ′ = ∂ε χ n (k y , k z )/ ∂k α . The velocity along the magnetic field
scaled with η −2 = 1 − tanh 2 ϑ, will decrease with increasing ϑ, which is also demonstrated in Fig. 2 . As can be seen from Eq. (14) and Fig. 2 , the chiral n = 0 LL is massless, in which the velocity is k z -independent, so that the Weyl fermions can not be accelerated by the electric field, while the fermions at the achiral n = 0 LLs, with nonzero effective mass, will be accelerated by the parallel electric field through k z + eE t/ . Interestingly, when the magnetic and electric fields are noncollinear, the Weyl fermions, as indicated by the velocity
will drift along the y-direction (perpendicular to the electric and magnetic fields). The drifting velocity, irrelevant to the LL and valley indices, is inversely (directly) proportional to the magnetic (vertical electric) field. This result can be understood from the perspective of classical mechanics. In the plane vertical to the magnetic field, there are two forces, i.e., the electric field and Lorentz forces, simultaneously acting on a moving Weyl fermion. As a result, along the direction perpendicular to the electric and magnetic fields, only those fermions with Lorentz force balanced by the electric field force, e.g., eE ⊥ = −eυ y B, can pass through the sample, while others will be totally filtered out. Therefore, by tuning the directions and relative magnitudes of the electric and magnetic fields, one can select velocity [arbitrary directions and magnitudes ( υ F )] for the Weyl fermions. This simple mechanism can be used to design velocity selector for the Weyl fermions.
III. DENSITY OF STATES OF WSMS SUBJECTED TO THE CROSSED MAGNETIC AND ELECTRIC FIELDS
The density of states (DOSs) of a single Weyl valley at the Fermi level can be obtained by the retarded Green's function
, (16) where Γ characterizes the width of the LLs. The two Weyl valleys have the identical DOSs, whose numerical results are displayed in Fig. 2(c) . For Γ → 0, by defining
the DOSs can be derived to be
where E F,± = E F ± eE ⊥ L x ′ /2 and ρ 0 = N φ /hυ F , with N φ = BS/φ 0 being the degeneracy of the LLs. Here, S = L x ′ L y ′ is the area of the cross section perpendicular to the magnetic field, and φ 0 = h/e is the flux quantum. For a relative weak electric field, we can further simplify the DOSs to be ρ(E F ) = η 2 ρ 0 Θ, where
with n c = int[
as the index of the highest (lowest) LB crossed by the Fermi level for E F > (<)0. When the magnetic and electric fields are collinear, Eq. (18) recovers the result given in Ref. 40 , leading to quantum oscillations in the DOSs. Here, the van Hove singularities, determined by
are tunable by the included angle and relative magnitudes of the magnetic and electric fields. As a consequence, the quantum oscillations are electrically controllable, as shown by Fig. 2(c) .
IV. FIELD AND ANGULAR DEPENDENCE OF THE LMC AND PHC
In this section, following the standard Boltzmann approach, we discuss the transport properties of the WSM subjected to the crossed electric and magnetic fields. The steady-state Boltzmann equation for the n-th LB of valley χ is given by
where f χ n is the nonequilibrium electron distribution function and
is the drifting of the distribution function induced by the external electric field. In the relaxation time approximation, the change of the distribution function due to electron scattering by impurities can be expressed as
with τ intra and τ inter being relaxation times due to electron intravalley and intervalley scattering by impurities, respectively. f χ and f g = (f χ + f −χ )/2 represent the local and global equilibrium electron distribution functions for the system. Therefore, Eq. (21) can be rewritten as
Within the framework of the linear response, the electron distribution function takes the general form
where f 0 (ǫ) = 1/[1 + e β(ǫ−EF) ] stands for the electron equilibrium distribution function, and g χ n (k) describes the deviation of f χ n (k) from f 0 (ε χ n ) due to the applied external fields. Substitution of Eq. (25) into Eq. (24) leads to
with g χ = g χ n (k) χ and g = (g χ + g −χ )/2. The average · · · χ here is defined as
in which the summation runs over all electron states at the Fermi level in the χ valley.
In the absence of the intervalley scattering, the system can not reach the global equilibrium. As a result, for a given chirality, even at full momentum relaxation of the electron distribution, there exists a finite electric current proportional to the chirality imbalance, which predicts an unphysical diverging electrical conductivity. However, in a real system, the conductivity can never be infinite. This implies that the intervalley scattering must exist to relax the system to global equilibrium between the valleys. The emergence of the LMC requires that the intravalley scattering must be stronger than the intervalley scattering, i.e., τ intra /τ inter ≪ 1. In this situation, the system would be relaxed to the local equilibrium first by the intravalley scattering and to the global equilibrium later by the intervalley scattering. This process would produce a finite chemical potential difference between the two Weyl valleys, half of which is usually called as the chiral chemical potential. In the opposite limit, τ intra /τ inter ≫ 1, which may occur in Dirac semimetals, where the energy bands are doubly degenerate, no chiral chemical potential exists, since the system would be relaxed to the global equilibrium, directly.
In the following, we would consider τ intra /τ inter ≪ 1, such that we can safely approximate g χ n (k) = g χ in the second term of Eq. (26), and obtain for
where g χ = χ∆µ. Here, due to the cyclotron motion, the Weyl fermions, in the plane perpendicular to the magnetic field, are localized by the strong magnetic field. Accordingly, we can solve for
By averaging the both sides of Eq. (29), we can determine ∆µ self-consistently to be
The electrical current density can be calculated by
and the conductivity tensor is defined as σ αz = j α /E. By substituting Eq. (29) into Eq. (32), we derive the conductivity along the electric field to be
where the amplitude is given by
and σ D = 2e 2 υFτintra h F 1 , with
and
The PHC can be obtained as
It is noted that Eqs. (33) and (37) are applicable to the case of strong magnetic field. For weak magnetic fields, the electrons are weakly localized by the magnetic field, such that there could exist electric current in the plane perpendicular to the magnetic field. However, it does not affect our discussions on the LMC and planar Hall effect, since the electric current in the plane perpendicular to the magnetic field mainly contributes to the Drude conductivity σ D , and, as discussed below, σ D is almost independent on the magnetic field. Before analyzing the numerical results, we can infer some properties of the LMC and PHC. At low temperatures, by the approximation −∂ ǫ f 0 (ǫ) = δ(ǫ − E F ), we can reduce ∆µ to be
with l e/a = υ F τ inter/intra . Subsequently, we can arrive at
In the weak magnetic field regime i.e., |E F | ≫ ω c , by
2 being the carrier density. Therefore, σ D = η 4 e 2 ne kF υ F τ intra is just the zero-field Drude conductivity and ∆σ(B) = η −6 ∆σ 0 (B) with
being the LMC for θ = 0, where we have neglected the term tied to τ intra in ∆σ 0 (B) for τ intra ≪ τ inter . Therefore, the LMC and PHC reduce to the classical form
∆σ xz (B) = (1 − tanh 2 ϑ) 2 ∆σ 0 (B) cos θ sin θ.
As can be seen, the amplitude of the LMC has B 2 dependence for any value of θ except for θ = π/2, and the B-quadratic dependence holds for the PHC when θ = 0, π/2. Similar formula were shown by Nandy et al. 33 , which predicted a cos 2 θ angular dependence of the LMC and a cos θ sin θ angular dependence of the PHC. However, the experimentally-observed angular dependence of the LMC appeared to be much stronger than the theoretically-predicted cos 2 θ, which is not quite consistent with the expectations drawn from the previous theory 22, 28 . As different from the formula derived by Nandy et al., our results, in addition to the cos 2 θ and cos θ sin θ factors, contain another angle-dependent factor (1 − tanh 2 ϑ) 2 . In the weak magnetic limit, e.g., B → E/υ F , by the approximation 1 − tanh 2 ϑ ≃ cos 2 θ, our results predict stronger angular dependence for the LMC and PHC, with ∆σ zz (B) ∝ B 2 cos 6 θ and ∆σ xz (B) ∝ B 2 cos 5 θ sin θ. For higher magnetic fields, i.e., B ≫ E/υ F (tanh ϑ → 0), the angular dependence returns to that given by Nandy et al., i.e., the cos 6 θ (cos 5 θ sin θ) angular dependence of the LMC (PHC) will cross over to the cos 2 θ (cos θ sin θ) dependence. The above inferences are confirmed by the numerical results shown in Fig. 3 , where we plot the calculated ∆σ zz (B) and ∆σ xz (B) as functions of θ for several values of the normalized Fermi energy E F /ǫ 0 and the magnetic field B. As demonstrated in the classical formula, i.e., Eqs. (41)- (43), the amplitude of the LMC and PHC, in addition to the B-quadratic dependence, are scaled with 1/E 2 F , which show an unphysical diverging character if E F = 0, as presented by the red dash line in Fig. 4(a) . In the ultra-quantum limit, however, the LMC and PHC remain finite for E F = 0, as can be seen from the darksolid curves in Figs. 3(a) , (c) and Fig. 4(a) . In fact, the case of E F = 0 is equivalent to the strong magnetic field regime, in which only the n = 0 LL is crossed by the Fermi level. In this limiting case, Eq. (40) can be simplified to
which predicts an E F -independence and B-linear dependence of the LMC and PHC, as also shown by Fig. 4(b) . The B-linear dependence of the positive LMC has been observed recently, based on Weyl orbits in Cd 3 As 2 45 . For a finite but relative small E F , e.g., E F ∼ 0.5ǫ 0 , a step change occurs in the LMC and planar Hall conductivity when θ reaches a critical value, as indicated by the reddash curves in Figs. 3(a) and (c) . To explain the sudden change of ∆σ zz (B) and ∆σ xz (B), we plot ∆σ(B), the amplitude of the LMC and PHC, as functions of the normalized Fermi level E F /ǫ 0 in Fig. 4(a) . As it shows, ∆σ(B) oscillates strongly with E F , due to the van Hove singularities in the DOSs. As shown by Eq. (40), the DOSs enter ∆σ(B) as a denominator. As a consequence, when the Fermi level encounters a van Hove singularity where the DOSs increase dramatically, ∆σ(B) will be suppressed heavily. For fixed E F and B, with θ increasing from 0, the van Hove singularities, as depicted in Fig.  4(a) , would shift towards the zero energy point, and then sweep over the Fermi level, leading to the sudden drops in Figs. 3(a) and (c) . When E F is in the vicinity of the van Hove singularities, the LMC, as θ shifts away from 0, decays rapidly with a decaying rate far faster than cos 2 θ, as seen from the blue-dash-dot curve in Fig. 3(a) . For larger E F , with θ or B varying, more van Hove singularities pass through the Fermi level, which results in the oscillation behavior of ∆σ(B) in Fig. 4(b) , as also can be seen from the blue-dash-dot curves in Fig. 3 . As shown by Figs. 3(c) and (d) , the classical angular dependence of the LMC and planar Hall conductivity can be recovered by increasing the magnetic field.
With further increasing the magnetic field, the number of the LBs intersected by the Fermi level will decrease, and as a result, the magnetic-field dependence of the LMC and PHC would, gradually, deviate from the B-quadratic dependence, as demonstrated in Fig. 4(b) . Though the LMC oscillates strongly with B, its classical B-quadratic dependence for weak magnetic field limit can be reflected by the envelope of ∆σ(B), as shown in the inset of Fig. 4(b) . In the strong magnetic field regime ω c > |E F / √ 2|, where the Fermi level only crosses the n = 0 LL, the B-quadratic dependence of ∆σ(B) will finally cross over to the B-linear dependence, as shown by Fig. 4(b) .
When the magnetic and electric fields are collinear, ∆σ(B) exhibits a periodic-in-1/B oscillation, with the period given by
The periodic-in-1/B oscillation is depicted by the dark solid curve of Fig. 4(c) . The periodic-in-1/B oscillation is attributable to the van Hove singularities, i.e., Eq. (45) is solved via Eq. (20) by setting θ = 0. When the magnetic and electric fields are noncollinear, the classical Bquadratic dependence of the LMC and PHC will be modified even in the weak magnetic regime, as shown by the cyan dash-dot curve of Fig. 4(c) .
V. SUMMARY
In summary, based on the theory developed recently, we have studied the properties of the magnetotransport in WSMs. It is found that the LMC and PHC are, respectively, scaled with B 2 cos 6 θ and B 2 cos 5 θ sin θ for weak magnetic field regime. For higher magnetic fields, the angular dependence of the LMC and PHC cross over to cos 2 θ and cos θ sin θ dependence. In the strong magnetic field regime, when the Fermi level is slightly way from the Weyl nodes, a step change would occur in the LMC and PHC, as θ reaches a critical value. With θ increasing from 0, the B-quadratic dependence of the LMC and PHC will be modified even in the weak magnetic regime.
